The main objective of this paper is to construct smooth 1-parameter families of embedded minimal surfaces in euclidean space that are invariant under a screw motion and are asymptotic to the helicoid. Some of these families are significant because they generalize the screw motion invariant helicoid with handles and thus suggest a pathway to the construction of higher genus helicoids. As a byproduct, we are able to relate limits of minimal surface families to the zero-sets of Hermite polynomials.
Introduction
Among the embedded periodic minimal surfaces in euclidean space the ones that are invariant under a screw motion (but not under a translation) enjoy the fame of being most inaccessible.
On the other hand, the (known) screw motion invariant helicoids with handles ([1, 3]) have a spectacular limit, the genus one helicoid ([12] ), and there is numerical evidence that higher genus helicoids can be obtained as limits of screw motion invariant helicoids with more handles. This paper makes the first step beyond numerical evidence towards an existence proof of a genus g helicoid by proving
Theorem. There exists, for each g ≥ 1 and 0 < t < , a family H t g of embedded periodic minimal surfaces asymptotic to the helicoid; each family is invariant under vertical screw motions with angle π(1 + t) and translation π. The quotient surfaces have genus g and two helicoidal ends with winding number (1 + t)/2. This will be a consequence of Theorems 1 and 2, stated in the following section. See also Sect. 3. Heuristically, these surfaces are obtained by gluing helicoids together.
Let's begin with a survey of known results about embedded screwmotion invariant minimal surfaces: The first such family of examples was constructed by Karcher in [4] , where also the logarithmic differential of the Gauss map is introduced to overcome the difficulty that the Gauss map is not invariant under the screw motion. By pushing the screw motion parameter to its limits, the surfaces degenerate into several helicoidal components ([11]), as illustrated in Fig. 1 . This suggested to construct the family by gluing two helicoids together. In the language of this paper, the family is obtained using a (−−)-configuration (which means that we glue two left handed helicoids).
Historically the next family was derived by Hoffman and Karcher, with images made by Wohlrab. They deform translation invariant examples of Fischer and Koch ([9]), and prove the existence and embeddedness using Plateau methods. The Weierstrass representation of these surfaces was discussed in an unpublished Diplom thesis ([5] ), where the period problem is not solved, however. Also note that the continuity of the family is not evident from the Hoffman-Karcher construction. We believe that we reproduce the strongly twisted versions of these surfaces by using our (− − −) configuration, but we haven't proven this.
The third family is related to the genus one helicoid: In ([1, 2]) it is shown that there is an embedded, translation invariant minimal surface asymptotic to the helicoid of genus 1 in the quotient. Numerical experiments [3] suggested that this surface should also exist in a screw motion invariant version. Furthermore, their computer images made it plausible that
